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UDC 519.6
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This paper investigates the existence and conditional stability of solutions for a initial-
boundary value problem related to a third-order mixed-type Sobolev equation. These
types of problems arrays in various fields, including mathematical physics and fluid dy-
namics, as they model phenomena such as wave propagation in inhomogeneous media and
filtration processes. We prove theorems of conditional correctness, another say theorems
of uniqueness and conditional stability. Furthermore, the paper presents an approximate
solution using regularization methods, demonstrating how to handle the instability in-
herent in ill-posed problems. Numerical solutions are obtained, with results shown in
the form of tables and graphs. The research thus offers valuable insights into solving
third-order mixed-type equations, providing a foundation for further exploration in the
numerical approximation of improperly posed boundary conditions problems.

Keywords: stability, uniqueness, Sobolev equation, priori estimate, regularization, gen-
eralized solution, spectral problem, conditional correctness.

Citation: Fayazov K.S., Rahimov D.I., Fayazova Z.K. 2024. Ill-posed initial-boundary
value problem for a third-order mixed type equation. Problems of Computational and
Applied Mathematics. 5(61): 69-79.

1 Introduction
Initial-boundary value problems for mixed-category partial differential equations have

drawn increasing interest due to their complexity and importance in various physical
and engineering applications. These problems, which are often characterized by non-
uniqueness and instability in solutions, arise in processes such as wave propagation, fluid
flow, and heat transfer in inhomogeneous media. In recent years, several studies have
expanded the understanding of ill-posed problems, especially in connection with non-
classical equations. The theory of boundary value problems for mixed-type equations,
featuring variable coefficients and a changing type manifold, has been a focus of research
S.L. Sobolev [1], M.M. Lavrent’ev, L.Ya. Saveliev [2], M.S. Salakhitdinov, T.D. Dju-
raev, K.S. Fayazov [8], V.N. Vragov, A.I. Kozhanov, K.B. Sabitov, I.O. Khajiev, Y.K.
Khudayberganov and many others.

Boundary value problems for parabolic equations have been examined by various re-
searchers, including E.M. Landis, S.P. Shishatsky, and problems of elliptic type equations
were investigated by M.M. Lavrent’ev, L.Ya. Saveliev [2] and others. It is important to
cite the contributions of S.G. Krein, H.A. Levine [3], and others, who examined bound-
ary value problems for abstract differential-operator equations. In these works have been
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proof uniqueness of the solution and get estimates of the conditional stability abstract
type problems.

A number of distinguished scholars, including A.L. Bukhgeim, V. Isakov, M. Klibanov,
and K.S. Fayazov, have studied ill-posed boundary value problems. In particular, the
works of K.S. Fayazov [8], K.S. Fayazov with I. O. Khajiev [10, 11], and K.S. Fayazov
with Y.K. Khudayberganov [12, 13], concentrated on constructing approximate solutions
for non-standard equations..

In our paper we proof the uniqueness and conditional stability of solution for a third-
order non-classic equetion. Investigated by us problem belongs to the field ill-posed prob-
lems of mathematical physics. In our case the solution of our problem not depend con-
tinuously on the initial conditions. By applying regularization methods, we construct
approximate solutions and validate them through numerical experiments. These results
provide insights into the stability of ill-posed boundary value problems and offer practical
techniques for addressing challenges in fields such as thermal physics and fluid dynamics.

2 Problem statement
We study the equation

𝑢𝑥𝑥𝑡(𝑥, 𝑦, 𝑡) + 𝑠𝑖𝑔𝑛(𝑦)𝑢𝑦𝑦(𝑥, 𝑦, 𝑡) = 0 (1)

in the domain Ω = Ω0 × 𝑄, where Ω0 = {𝑥, 𝑦 |(−𝜋; 𝜋)× (−1; 1) , 𝑦 ̸= 0} , 𝑄 = (0;𝑇 ) ,
𝑇 <∞.

Find a solution of equation (1) in the domain Ω so that the initial

𝑢(𝑥, 𝑦, 𝑡) |𝑡=0 = 𝜌(𝑥, 𝑦) , (𝑥, 𝑦) ∈ [−𝜋; 𝜋]× [−1; 1] , (2)

boundary
𝑢(𝑥, 𝑦, 𝑡)

⃒⃒⃒
𝑥=−𝜋
𝑥=+𝜋

= 0, (𝑦, 𝑡) ∈ [−1; 1]× �̄�,

𝑢(𝑥, 𝑦, 𝑡)

⃒⃒⃒⃒
𝑦=−1
𝑦=+1

= 0, (𝑥, 𝑡) ∈ [−𝜋; 𝜋]× �̄�
(3)

and gluing
𝜕𝑖𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑦𝑖

⃒⃒⃒⃒
𝑦=−0

=
𝜕𝑖𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑦𝑖

⃒⃒⃒⃒
𝑦=+0

, (𝑥, 𝑡) ∈ [−𝜋; 𝜋]× �̄� (4)

conditions are satisfied, where 𝑖 = 0, 1 and 𝜌 (𝑥, 𝑦) are given sufficiently smooth functions
and satisfied wherein 𝜌 (𝑥, 𝑦) |𝜕Ω0 = 0 .

2.1 Spectral problem
Find such values of 𝜆 for which the following problem has a nontrivial solution:

𝑠𝑖𝑔𝑛 (𝑦)𝜗𝑦𝑦 + 𝜆𝜗𝑥𝑥 = 0, (𝑥, 𝑦) ∈ Ω0 (5)

𝜗(𝑥, 𝑦)
⃒⃒⃒
𝑥=−𝜋
𝑥=+𝜋

= 0, 𝑦 ∈ [−1; 1],

𝜗(𝑥, 𝑦)

⃒⃒⃒⃒
𝑦=−1
𝑦=+1

= 0, 𝑥 ∈ [−𝜋; 𝜋],

𝜕𝑖𝑢(𝑥, 𝑦)

𝜕𝑦𝑖

⃒⃒⃒⃒
𝑦=−0

=
𝜕𝑖𝑢(𝑥, 𝑦)

𝜕𝑦𝑖

⃒⃒⃒⃒
𝑦=+0

, 𝑥 ∈ [−𝜋; 𝜋] ,

(6)
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Using the methods of S. G. Pyatkov [5], we can prove that problem (5), (6) has a nonde-
creasing sequence

{︀
𝜆+𝑘,𝑛

}︀∞
𝑘,𝑛=1

,
{︀
−𝜆−𝑘,𝑛

}︀∞
𝑘,𝑛=1

oof eigenvalues and the corresponding eigen-
functions

{︀
𝜗±
𝑘,𝑛 (𝑥, 𝑦)

}︀∞
𝑘,𝑛=1

. The eigenvalues 𝜆+𝑘,𝑛 = 𝜇𝑘

𝑛2 , 𝜆
−
𝑘,𝑛 = −𝜇𝑘

𝑛2 thus correspond to
the eigenfunctions

𝜗+
𝑘,𝑛 (𝑥, 𝑦) = 𝑋𝑛 (𝑥) · 𝑌 +

𝑘 (𝑦) , 𝜗−
𝑘,𝑛 (𝑥, 𝑦) = 𝑋𝑛 (𝑥) · 𝑌 −

𝑘 (𝑦) , 𝑘, 𝑛 ∈ 𝑁,

where
𝑋𝑛 (𝑥) =

1√
𝜋
sin (𝜋𝑛+ 𝑛𝑥) , 𝑛 ∈ 𝑁,

𝑌 +
𝑘 (𝑦) =

{︃
sin

√
𝜇𝑘(𝑦 − 1)/ cos

√
𝜇𝑘, 0 ⩽ 𝑦 ⩽ 1,

𝑠ℎ
√
𝜇𝑘(𝑦 + 1)/𝑐ℎ

√
𝜇𝑘 , −1 ⩽ 𝑦 ⩽ 0,

𝑘 ∈ 𝑁,

𝑌 −
𝑘 (𝑦) =

{︃
𝑠ℎ

√
𝜇𝑘(𝑦 − 1)/𝑐ℎ

√
𝜇𝑘 , 0 ⩽ 𝑦 ⩽ 1,

sin
√
𝜇𝑘(𝑦 + 1)/ cos

√
𝜇𝑘 , −1 ⩽ 𝑦 ⩽ 0,

𝑘 ∈ 𝑁.

The eigenvalues 𝑛2 and 𝜇𝑘 correspond to the eigenfunctions 𝑋𝑛 (𝑥), and 𝑌 ±
𝑘 (𝑦), respec-

tively.
The values 𝜇𝑘, for 𝑘 ∈ 𝑁, are the positive, and satisfied the transcendental equation

𝑡𝑔𝛼 = −𝑡ℎ𝛼. Let ‖𝑢‖2 = (𝑢, 𝑢), and

(𝑢, 𝑣) =

∫︁
Ω0

𝑢𝑣𝑑Ω0.

It is not difficult to see(︀
𝑠𝑖𝑔𝑛 (𝑦)𝜗+

𝑘,𝑛 (𝑥, 𝑦) , 𝜗
−
𝑙,𝑚 (𝑥, 𝑦)

)︀
= 0, ∀𝑘, 𝑛, 𝑙,𝑚,

(︀
𝑠𝑖𝑔𝑛 (𝑦)𝜗+

𝑘,𝑛 (𝑥, 𝑦) , 𝜗
+
𝑙,𝑚 (𝑥, 𝑦)

)︀
=

{︃
1, 𝑘 = 𝑙 ∧ 𝑛 = 𝑚

0, 𝑘 ̸= 𝑙 ∧ 𝑛 ̸= 𝑚,

(︀
𝑠𝑖𝑔𝑛 (𝑦)𝜗−

𝑘,𝑛 (𝑥, 𝑦) , 𝜗
−
𝑙,𝑚 (𝑥, 𝑦)

)︀
=

{︃
−1, 𝑘 = 𝑙 ∧ 𝑛 = 𝑚

0, 𝑘 ̸= 𝑙 ∧ 𝑛 ̸= 𝑚,

where 𝑘, 𝑛, 𝑙,𝑚 ∈ 𝑁. We introduce norm [see. [5]]

‖𝑢 (𝑥, 𝑦, 𝑡)‖20 =
∞∑︁

𝑘,𝑛=1

{︁⃒⃒(︀
𝑠𝑖𝑔𝑛 (𝑦)𝑢 (𝑥, 𝑦, 𝑡) , 𝜗+

𝑘,𝑛 (𝑥, 𝑦) ,
)︀⃒⃒2

+

+
⃒⃒(︀
𝑠𝑖𝑔𝑛 (𝑦)𝑢 (𝑥, 𝑦, 𝑡) , 𝜗−

𝑘,𝑛 (𝑥, 𝑦) ,
)︀⃒⃒2}︁

.

(7)

Definition. A generalized solution to problem (1)-(4) is a function 𝑢(𝑥, 𝑦, 𝑡), 𝑢𝑥𝑦(𝑥, 𝑦, 𝑡) ∈
𝐶 (𝐿2(Ω) , that for any arbitrary function 𝑉 (𝑥, 𝑦, 𝑡) ∈ 𝑊 2,2,1

2 (Ω) , 𝑉𝑥𝑥(𝑥, 𝑦, 𝑇 ) = 0,
𝑉 (−𝜋, 𝑦, 𝑡) = 0, 𝑉 (𝜋, 𝑦, 𝑡) = 0, 𝑉 (𝑥,−1, 𝑡) = 0, 𝑉 (𝑥, 1, 𝑡) = 0, satisfies the following
integral identity:∫︁

Ω

𝑢(𝑥, 𝑦, 𝑡)(𝑠𝑖𝑔𝑛(𝑦)𝑉𝑥𝑥𝑡 − 𝑉𝑦𝑦)𝑑Ω = −
∫︁
Ω0

𝑠𝑖𝑔𝑛(𝑦)𝑉𝑥𝑥(𝑥, 𝑦, 0)𝜙(𝑥, 𝑦)𝑑Ω0.
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Let the solution 𝑢(𝑥, 𝑦, 𝑡) of the problem (1)–(4) exists. Then for the equation (1) using
the properties of eigenfunctions of the problem (5)-(6) and the definition of a generalized
solution, we have (︀

𝑢±𝑘,𝑛(𝑡)
)︀
𝑡
− 𝜆±𝑘,𝑛𝑢

±
𝑘,𝑛(𝑡) = 0 (8)

with the initial condition
𝑢±𝑘,𝑛(0) = 𝜌±𝑘,𝑛 , 𝑘, 𝑛 ∈ 𝑁 , (9)

where
𝜌±𝑘,𝑛 =

(︀
𝑠𝑔𝑛(𝑦)𝜌(𝑥, 𝑦), 𝜗±

𝑘,𝑛(𝑥, 𝑦)
)︀
, 𝑘, 𝑙 ∈ 𝑁.

3 A priori estimate
Theorem 1. If in the domain Ω the function 𝑢(𝑥, 𝑦, 𝑡) satisfies equation (1) and

conditions (2)-(4), then to the solution 𝑢(𝑥, 𝑦, 𝑡) for any 𝑡 ∈ 𝑄 the estimate

‖𝑢(𝑥, 𝑦, 𝑡)‖ ⩽ 4𝜋‖𝑢𝑥𝑦(𝑥, 𝑦, 0)‖
𝑇−𝑡
𝑇 ‖𝑢𝑥𝑦(𝑥, 𝑦, 𝑇 )‖

𝑡
𝑇 (10)

is valied.
Proof. Function 𝜙(𝑡) defined by integral

𝜙(𝑡) =

∫︁
Ω0

𝑢2𝑥𝑦𝑑Ω0

is continuous and has derivatives of the first and second orders in the form

𝜙′(𝑡) = 2

∫︁
Ω0

𝑢𝑥𝑦𝑢𝑥𝑦𝑡𝑑Ω0, 𝜙
′′(𝑡) = 2

∫︁
Ω0

𝑢2𝑥𝑦𝑡𝑑Ω0 + 2

∫︁
Ω0

𝑢𝑥𝑦𝑢𝑥𝑦𝑡𝑡𝑑Ω0.

Transforming the second term of the expression for 𝜙′′(𝑡) and using equation (1), we
obtain ∫︁

Ω0

𝑢𝑥𝑦𝑢𝑥𝑦𝑡𝑡𝑑Ω0 =

∫︁
Ω0

𝑢𝑦𝑦𝑢𝑥𝑥𝑡𝑡𝑑Ω0 =

∫︁
Ω0

𝑠𝑖𝑔𝑛(𝑦)𝑢𝑥𝑥𝑡𝑠𝑖𝑔𝑛(𝑦)𝑢𝑦𝑦𝑡𝑑Ω0 =

=

∫︁
Ω0

𝑢𝑥𝑥𝑡𝑢𝑦𝑦𝑡𝑑Ω0 =

∫︁
Ω0

𝑢2𝑥𝑦𝑡𝑑Ω0.

Substituting the resulting expression into 𝜙′′(𝑡) we have

𝜙′′(𝑡) = 4

∫︁
Ω0

𝑢2𝑥𝑦𝑡𝑑Ω0.

Let 𝜓(𝑡) = ln𝜙(𝑡). Then 𝜓′(𝑡) = 𝜙′(𝑡)
𝜙(𝑡)

and due to the Cauchy–Bunyakovsky inequality

𝜓′′(𝑡) =
𝜙′′(𝑡)𝜙(𝑡)− (𝜙′(𝑡))2

(𝜙(𝑡))2
=

=

4
∫︀
Ω0

𝑢2𝑥𝑦𝑡𝑑Ω0

∫︀
Ω0

𝑢2𝑥𝑦𝑑Ω0 −

(︃
2
∫︀
Ω0

𝑢𝑥𝑦𝑢𝑥𝑦𝑡𝑑Ω0

)︃2

(︃∫︀
Ω0

𝑢2𝑥𝑦𝑑Ω0

)︃2 ⩾ 0.



Ill-Posed Initial-Boundary Value Problem . . . 73

From the differential inequality 𝜓′′(𝑡) ⩾ 0 it follows

𝜓(𝑡) ⩽ 𝜓(0)
𝑇 − 𝑡

𝑇
+ 𝜓(𝑇 )

𝑡

𝑇

or
𝜙(𝑡) ⩽ (𝜙(0))

𝑇−𝑡
𝑇 (𝜙(𝑇 ))

𝑡
𝑇 .

Using the form of function 𝜙(𝑡) , we have

∫︁
Ω0

𝑢2𝑥𝑦𝑑Ω0 ⩽

⎛⎝∫︁
Ω0

𝑢2𝑥𝑦(𝑥, 𝑦, 0)𝑑Ω0

⎞⎠𝑇−𝑡
𝑇
⎛⎝∫︁

Ω0

𝑢2𝑥𝑦(𝑥, 𝑦, 𝑇 )𝑑Ω0

⎞⎠ 𝑡
𝑇

.

From this inequality
∫︀
Ω0

𝑢2(𝑥, 𝑦, 𝑡)𝑑Ω0 ⩽ 16𝜋2
∫︀
Ω0

𝑢2𝑥𝑦(𝑥, 𝑦, 𝑡)𝑑Ω0, we have

∫︁
Ω0

𝑢2(𝑥, 𝑦, 𝑡)𝑑Ω0 ⩽ 16𝜋2

⎛⎝∫︁
Ω0

𝑢2𝑥𝑦(𝑥, 𝑦, 0)𝑑Ω0

⎞⎠𝑇−𝑡
𝑇
⎛⎝∫︁

Ω0

𝑢2𝑥𝑦(𝑥, 𝑦, 𝑇 )𝑑Ω0

⎞⎠ 𝑡
𝑇

,

or
‖𝑢(𝑥, 𝑦, 𝑡)‖ ⩽ 4𝜋‖𝑢𝑥𝑦(𝑥, 𝑦, 0)‖

𝑇−𝑡
𝑇 ‖𝑢𝑥𝑦(𝑥, 𝑦, 𝑇 )‖

𝑡
𝑇 ,

thus (10) is proved.

4 Theorem of uniqueness and conditional stability
Let

𝑀 = {𝑢 : ‖𝑢𝑥𝑦 (𝑥, 𝑦, 𝑇 )‖ ⩽ 𝑚} . (11)

Theorem2. Let a solution of the problem (1)–(4) exists and 𝑢(𝑥, 𝑦, 𝑡) ∈𝑀. Then the
solution of the problem (1)–(4) is unique.

Proof. Let there be two solutions 𝑢1(𝑥, 𝑦, 𝑡), 𝑢2(𝑥, 𝑦, 𝑡) to the problem (1)–(4) under
consideration. Then their difference 𝑢(𝑥, 𝑦, 𝑡) = 𝑢1(𝑥, 𝑦, 𝑡)− 𝑢2(𝑥, 𝑦, 𝑡) is a solution to the
problem

𝑢𝑥𝑥𝑡(𝑥, 𝑦, 𝑡) + 𝑠𝑖𝑔𝑛(𝑦)𝑢𝑦𝑦(𝑥, 𝑦, 𝑡) = 0 (12)

𝑢(𝑥, 𝑦, 𝑡) |𝑡=0 = 0 , (𝑥, 𝑦) ∈ [−𝜋; 𝜋]× [−1; 1] , (13)

𝑢(𝑥, 𝑦, 𝑡)
⃒⃒⃒
𝑥=−𝜋
𝑥=+𝜋

= 0, (𝑦, 𝑡) ∈ [−1; 1]× �̄�,

𝑢(𝑥, 𝑦, 𝑡)

⃒⃒⃒⃒
𝑦=−1
𝑦=+1

= 0, (𝑥, 𝑡) ∈ [−𝜋; 𝜋]× �̄�.
(14)

Let us prove that the solution to problem (12)-(14) 𝑢(𝑥, 𝑦, 𝑡) is identically equal to
zero. To solve problem (12)–(14), according to theorem 1, we have

‖𝑢(𝑥, 𝑦, 𝑡)‖ ⩽ 4𝜋‖𝑢𝑥𝑦(𝑥, 𝑦, 0)‖
𝑇−𝑡
𝑇 ‖𝑢𝑥𝑦(𝑥, 𝑦, 𝑇 )‖

𝑡
𝑇 .

Due to the initial conditions (11), it follows ‖𝑢(𝑥, 𝑦, 𝑡)‖ ⩽ 0. Hence 𝑢(𝑥, 𝑦, 𝑡) = 0,
i.e. 𝑢1(𝑥, 𝑦, 𝑡) ≡ 𝑢2(𝑥, 𝑦, 𝑡) for all (𝑥, 𝑦, 𝑡) ∈ Ω. This means that the solution to problem
(1)–(4) is unique.
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Let 𝑢(𝑥, 𝑦, 𝑡) be the solution of the problem (1) - (4) corresponding to the exact data,
and 𝑢𝜀(𝑥, 𝑦, 𝑡) be the solution of the problem (1) - (4) corresponding to the approximate
data.

Theorem3. Let the solution to problem (1) - (4) exist and 𝑢(𝑥, 𝑦, 𝑡), 𝑢𝜀(𝑥, 𝑦, 𝑡) ∈𝑀,
in addition ‖𝜌(𝑥, 𝑦)− 𝜌𝜀(𝑥, 𝑦)‖𝑊 1,1

2
⩽ 𝜀, then for the function 𝑈(𝑥, 𝑦, 𝑡) = 𝑢(𝑥, 𝑦, 𝑡) −

− 𝑢𝜀(𝑥, 𝑦, 𝑡) with 𝑡 ∈ 𝑄 the following inequality is true

‖𝑈(𝑥, 𝑦, 𝑡)‖ ⩽ 4𝜋(𝜀)1−
𝑡
𝑇 (2𝑚)

𝑡
𝑇 .

Proof. Let 𝑈(𝑥, 𝑦, 𝑡) function be a solution to equation (1) satisfying the boundary
conditions and gluing conditions (3) - (4) with initial data 𝑈(𝑥, 𝑦, 0) = 𝜌(𝑥, 𝑦)− 𝜌𝜀(𝑥, 𝑦),
and ‖𝜌(𝑥, 𝑦)− 𝜌𝜀(𝑥, 𝑦)‖𝑊 1,1

2
⩽ 𝜀. From estimate (10) followed

‖𝑈(𝑥, 𝑦, 𝑡)‖ ⩽ 4𝜋(𝜀)1−
𝑡
𝑇 (2𝑚)

𝑡
𝑇 .

5 Approximate solution
Let in the problem (1)-(4) 𝜌 (𝑥, 𝑦) = 𝜙 (𝑥)𝜓 (𝑦) . One can present solution of problem

in the form

𝑢(𝑥, 𝑦, 𝑡) =
∞∑︁

𝑘,𝑛=1

𝑢+𝑘,𝑛(𝑡)𝜗
+
𝑘,𝑛(𝑥, 𝑦) +

∞∑︁
𝑘,𝑛=1

𝑢−𝑘,𝑛(𝑡)𝜗
−
𝑘,𝑛(𝑥, 𝑦)

or

𝑢(𝑥, 𝑦, 𝑡) =
∞∑︁
𝑘=1

(︃
𝜓+
𝑘 𝑌

+
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝑛𝑒
𝜇𝑘
𝑛2 𝑡𝑋𝑛 (𝑥)

)︃
+

∞∑︁
𝑘=1

(︃
𝜓−
𝑘 𝑌

−
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝑛𝑒
−𝜇𝑘

𝑛2 𝑡𝑋𝑛 (𝑥)

)︃

where

𝜙𝑛 =

𝜋∫︁
−𝜋

𝜙 (𝑥)𝑋𝑛 (𝑥) 𝑑𝑥, 𝜓
+
𝑘 =

1∫︁
−1

𝑠𝑖𝑔𝑛 (𝑦)𝜓 (𝑦)𝑌 +
𝑘 (𝑦) 𝑑𝑦,

𝜓−
𝑘 = −

1∫︁
−1

𝑠𝑖𝑔𝑛 (𝑦)𝜓 (𝑦)𝑌 −
𝑘 (𝑦) 𝑑𝑦, 𝑘, 𝑛 ∈ 𝑁,

𝑢+𝑘,𝑛(𝑡), 𝑢
−
𝑘,𝑛(𝑡) satisfies the equation (8).

Then an approximate solution of the problem with exact data has the form

𝑢𝑁(𝑥, 𝑦, 𝑡) =
𝑁∑︁
𝑘=1

(︃
𝜓+
𝑘 𝑌

+
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝑛𝑒
𝜇𝑘
𝑛2 𝑡𝑋𝑛 (𝑥)

)︃
+

𝑁∑︁
𝑘=1

(︃
𝜓−
𝑘 𝑌

−
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝑛𝑒
−𝜇𝑘

𝑛2 𝑡𝑋𝑛 (𝑥)

)︃
,

where 𝑁 is ( 𝑁 integer number) regularization parameter.
The approximate solution with approximate data has the form

𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡) =
𝑁∑︁
𝑘=1

(︃
𝜓+
𝜀𝑘𝑌

+
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝜀𝑛𝑒
𝜇𝑘
𝑛2 𝑡𝑋𝑛 (𝑥)

)︃
+

𝑁∑︁
𝑘=1

(︃
𝜓−
𝜀𝑘𝑌

−
𝑘 (𝑦)

∞∑︁
𝑛=1

𝜙𝜀𝑛𝑒
−𝜇𝑘

𝑛2 𝑡𝑋𝑛 (𝑥)

)︃
,
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where

𝜙𝜀𝑛 =

𝜋∫︁
−𝜋

𝜙𝜀 (𝑥)𝑋𝑛 (𝑥) 𝑑𝑥, 𝜓
+
𝜀𝑘 =

1∫︁
−1

𝑠𝑖𝑔𝑛 (𝑦)𝜓𝜀 (𝑦)𝑌
+
𝑘 (𝑦) 𝑑𝑦,

𝜓−
𝜀𝑘 = −

1∫︁
−1

𝑠𝑖𝑔𝑛 (𝑦)𝜓𝜀 (𝑦)𝑌
−
𝑘 (𝑦) 𝑑𝑦, 𝑘, 𝑛 ∈ 𝑁.

Let ‖𝜌(𝑥, 𝑦)− 𝜌𝜀(𝑥, 𝑦)‖𝑊 1,1
2

⩽ 𝜀. and 𝑢(𝑥, 𝑦, 𝑡) ∈ 𝑀.Then, for the norm of the differ-
ence between the exact and approximate solutions, the inequality is as follows:

0.5
⃦⃦
𝑢 (𝑥, 𝑦, 𝑡)− 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
⩽

⩽
⃦⃦
𝑢 (𝑥, 𝑦, 𝑡)− 𝑢𝑁 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
+
⃦⃦
𝑢𝑁 (𝑥, 𝑦, 𝑡)− 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
.

(15)

Let us estimate the second term on the right-hand side of (15), while we made some
elementary transformations, and the conditions for estimating the norm of the difference
between exact and approximate data are as follows:⃦⃦

𝑢𝑁 (𝑥, 𝑦, 𝑡)− 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡)
⃦⃦2
0
=

=
𝑁∑︁
𝑘=1

∞∑︁
𝑛=1

𝑒2
𝜇𝑘
𝑛2 𝑡(𝜌𝑘,𝑛 − 𝜌𝜀𝑘,𝑛)

2 +
𝑁∑︁
𝑘=1

∞∑︁
𝑛=1

𝑒−2
𝜇𝑘
𝑛2 𝑡(𝜌𝑘,𝑛 − 𝜌𝜀𝑘,𝑛)

2 ⩽

⩽ 𝑒2𝜇𝑁 𝑡

𝑁∑︁
𝑘=1

∞∑︁
𝑛=1

(︀
(𝜌𝑘,𝑛 − 𝜌𝜀𝑘,𝑛)

2 + (𝜌𝑘,𝑛 − 𝜌𝜀𝑘,𝑛)
2)︀ ⩽ 𝑒2𝜇𝑁 𝑡𝜀2

or ⃦⃦
𝑢𝑁 (𝑥, 𝑦, 𝑡)− 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
⩽ 𝑒2𝜇𝑁 𝑡𝜀2.

Next, we estimate the first term on the right-hand side of inequality (15) provided that,
𝑢 (𝑥, 𝑦, 𝑡), 𝑢𝑁 (𝑥, 𝑦, 𝑡) ∈𝑀

⃦⃦
𝑢 (𝑥, 𝑦, 𝑡)− 𝑢𝑁 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
=

∞∑︁
𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2{︀
𝑓+
𝑘 (𝑡)

}︀2
+

∞∑︁
𝑘=𝑁+1

{︀
𝜓−
𝑘

}︀2{︀
𝑓−
𝑘 (𝑡)

}︀2
,

where {︀
𝑓+
𝑘 (𝑡)

}︀2
=

∞∑︁
𝑛=1

𝜙2
𝑛𝑒

2
𝜇𝑘
𝑛2 𝑡,

{︀
𝑓−
𝑘 (𝑡)

}︀2
=

∞∑︁
𝑛=1

𝜙2
𝑛𝑒

−2
𝜇𝑘
𝑛2 𝑡.

We estimate the expression

∞∑︁
𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2{︀
𝑓+
𝑘 (𝑡)

}︀2
=

∞∑︁
𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2 ∞∑︁
𝑛=1

𝜙2
𝑛𝑒

2
𝜇𝑘
𝑛2 𝑡 ⩽

⩽
∞∑︁

𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2
𝑒𝜇

2
𝑘𝑡

∞∑︁
𝑛=1

𝜙2
𝑛𝑒

1
𝑛4 𝑡 ⩽ 𝐶

∞∑︁
𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2
𝑒𝜇

2
𝑘𝑡,

(16)

according to the condition
∞∑︁
𝑘=1

{︀
𝜓+
𝑘

}︀2
𝑒𝜇

2
𝑘𝑇 ⩽ 𝑚2, (17)
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where 𝐶 is a positive constant. By the Lagrange multiplier method will estimate the
following extremum problem. and get

∞∑︁
𝑘=𝑁+1

{︀
𝜓+
𝑘

}︀2
𝑒𝜇

2
𝑘𝑡 ⩽ 𝑚2𝑒𝜇

2
𝑁+1(𝑡−𝑇 ).

Let
∞∑︀

𝑘=𝑁+1

{︀
𝜓−
𝑘

}︀2{︀
𝑓−
𝑘 (𝑡)

}︀2
= 𝛾 (𝑁) , where 𝛾 (𝑁) → 0 at 𝑁 → ∞. Thus,⃦⃦

𝑢(𝑥, 𝑦, 𝑡)− 𝑢𝑁(𝑥, 𝑦, 𝑡)
⃦⃦2
0
⩽ 𝑚2𝑒𝜇

2
𝑁+1(𝑡−𝑇 ) + 𝛾 (𝑁) .

Summing up the estimates, we have

0.5
⃦⃦
𝑢(𝑥, 𝑦, 𝑡)− 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡)

⃦⃦2
0
⩽ 𝑒2𝜇𝑁 𝑡𝜀2 +𝑚2𝑒𝜇

2
𝑁+1(𝑡−𝑇 ) + 𝛾 (𝑁) .

Minimizing the assessment on the right side of 𝜀 > 0, we obtain an expression for the
regularization parameter 𝑁. In this context, 𝑚 is selected arbitrarily and is generally
defined according to the specific model.

6 Results
For the numerical solution of problem (1) - (4) we choose the initial function in the

form
𝜌(𝑥, 𝑦) = 𝑥(𝜋2 − 𝑥2)𝑦(1− 𝑦2),

and the approximate data

𝜌𝜀(𝑥, 𝑦) = 𝑥(𝜋2 − 𝑥2)𝑦(1− 𝑦2)(1 + 𝜀).

We choose 𝑁 from the conditions inf
𝜀>0

(︁
𝑒2𝜇𝑁 𝑡𝜀2 +𝑚2𝑒𝜇

2
𝑁+1(𝑡−𝑇 ) + 𝛾 (𝑁)

)︁
. One can see

𝛾 (𝑁) ≈ 1
𝑁2 . As an example, consider

𝑚 = 1000, 𝑇 = 1, 𝜀 = 10−8, 𝑡 = 0.1, 𝑁 = 6,

𝑚 = 500, 𝑇 = 1, 𝜀 = 10−8, 𝑡 = 0.3, 𝑁 = 3,

𝑚 = 200, 𝑇 = 1, 𝜀 = 10−4, 𝑡 = 0.5 𝑁 = 2.

Here 𝑚 is chosen arbitrarily, and usually it is determined depending on the particular
model. For 𝑚 = 200, 𝑇 = 1, 𝜀 = 10−4, 𝑡 = 0.5 𝑁 = 2 the values of the solutions to
the problem are given in Tables 1 and 2, as well as in the figures Figure 1 and 2. The
following tables and graphs demonstrate that the numerical values of the approximate
solution using exact data are very close to those using approximate data.

Table 1 Approximate solution 𝑢𝑁 (𝑥, 𝑦, 𝑡) from exact data
𝑦 = −0.66 𝑦 = −0.41 𝑦 = −0.25 𝑦 = 0.25 𝑦 = 0.41 𝑦 = 0.66

𝑥 = −2.87 0.053784 0.211665 0.528862 2.464606 0.193776 -2.8635
𝑥 = −2.09 0.093156 0.366615 0.916016 4.268823 0.33563 -4.95974
𝑥 = −0.78 -0.10757 -0.42333 -1.05772 -4.92921 -0.38755 5.72701
𝑥 = 0.78 0.107568 0.423331 1.057724 4.929213 0.387552 -5.72701
𝑥 = 2.09 -0.09316 -0.36662 -0.91602 -4.26882 -0.33563 4.959736
𝑥 = 2.87 -0.05378 -0.21167 -0.52886 -2.46461 -0.19378 2.863505
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Table 2 Approximate solution 𝑢𝑁𝜀 (𝑥, 𝑦, 𝑡) from approximate data
𝑦 = −0.66 𝑦 = −0.41 𝑦 = −0.25 𝑦 = 0.25 𝑦 = 0.41 𝑦 = 0.66

𝑥 = −2.87 0.053789 0.211687 0.528915 2.464853 0.193796 -2.86379
𝑥 = −2.09 0.093166 0.366652 0.916108 4.26925 0.335664 -4.96023
𝑥 = −0.78 -0.10758 -0.42337 -1.05783 -4.92971 -0.38759 5.727583
𝑥 = 0.78 0.107578 0.423373 1.05783 4.929706 0.387591 -5.72758
𝑥 = 2.09 -0.09317 -0.36665 -0.91611 -4.26925 -0.33566 4.960232
𝑥 = 2.87 -0.05379 -0.21169 -0.52891 -2.46485 -0.1938 2.863791

Figure 1 Exact solution graph Figure 2 Approximate solution graph

Calculations performed for other values of solutions with other values of parameters,
generally speaking, remain within similar limits of accuracy.

7 Conclusions
We using extra information (set of correctness) prove a sovability of non classical

problem for Sobolev equation. The conducted studies allow us to construct approximate
solutions of these problem on the corresponding correctness sets, which will remain stable
with respect to changes in the initial data. As a result, numerical calculations of the
solution on a computer are obtained, which are expressed in the form of tables and
graphs.
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НЕКОРРЕКТНАЯ НАЧАЛЬНО-КРАЕВАЯ ЗАДАЧА ДЛЯ
УРАВНЕНИЯ СМЕШАННОГО ТИПА ТРЕТЬЕГО
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В этой статье исследуется единственность и условная устойчивость решения
начально-краевой задачи для уравнения Соболева смешанного типа третьего по-
рядка. Данный тип задач встречаются в различных областях, включая математи-
ческую физику и гидродинамику, поскольку они моделируют такие явления, как
распространение волн в неоднородных средах и процессы фильтрации. Мы дока-
зываем условную корректность задачи, други словами теоремы о единственносты
и условной устойчивости. Кроме того, в работе построено приближенное решение
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задачи методом регуляризации, демонстрирующее, как справиться с неустойчиво-
стью, присущей некорректно поставленным задачам. Получены численные решения,
а результаты показаны в виде таблиц и графиков. Таким образом, исследование
предлагает ценные идеи для решения уравнений смешанного типа третьего поряд-
ка, обеспечивая основу для дальнейшего изучения численного приближения задач
с неправильно поставленными граничными условиями.

Ключевые слова: устойчивость, единственность, уравнение Соболева, априорная
оценка, регуляризация, обобщенное решение, спектральная задача, условная кор-
ректность.
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